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Introduction
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Electromagnetic Integral Equations

e Are commonly used to model electromagnetic scattering and radiation
* Relate surface current to incident electric and/or magnetic field

¢ Discretize surface of electromagnetic scatterer with elements

Evaluate 4D reaction integrals over 2D test and source elements

e Contain singular integrands when test and source elements are near
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Electromagnetic Aperture and Slot Models

e EM penetration occurs through openings of otherwise closed surfaces
e Penetration may occur intentionally or unintentionally

e Slot connects exterior surface of scatterer to interior surface of cavity

Model slot as wires carrying magnetic current located at apertures
— Exterior surface interacts with exterior wire
Interior surface interacts with interior wire
— Exterior and interior wires interact with each other

Exterior and interior surfaces do not interact directly
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Verification and Validation

Credibility of computational physics codes requires verification and validation

e Validation assesses how well models represent physical phenomena

— Compare computational results with experimental results

— Assess suitability of models, model error, and bounds of validity

¢ Verification assesses accuracy of numerical solutions against expectations

— Solution verification estimates numerical error for particular solution

— Code verifi

ation verifies correctness of numerical-method implementation

Sandia National Laboratories



Introduction
oce

Code Verification

¢ Code verification most rigorously assesses rate at which error decreases
e Error requires exact solution — usually unavailable
e Manufactured solutions are popular alternative

— Manufacture an arbitrary solution
Insert manufactured solution into governing equations to get residual term

— Add residual term to equations to coerce solution to manufactured solution
e For integral equations, few instances of code verification exist
e Analytical differentiation is straightforward — analytical integration is not
e Numerical integration is necessary, generally incurs an approximation error

e Therefore, manufactured source term may have its own numerical error
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Error Sources in the Electromagnetic Integral Equations

3 sources of numerical error:
e Domain discretization: Representation of curved surfaces with planar elements
— Second-order error for curved surfaces, no error for planar surfaces
— Error reduced with curved elements
e Solution discretization: Representation of solution or operators

— Common in solution to differential, integral, and integro-differential equations
Finite number of basis functions to approximate solution
— Finite samples queried to approximate underlying equation operators
e Numerical integration: Quadrature
— Analytical integration is not always possible
For well-behaved integrands,

* Expect integration error at least same order as solution-discretization error

¢ Less rigorously, error should decrease with more quadrature points

— For (nearly) singular integrands, monotonic convergence is not assured
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Introduction

This Work

Isolate solution-discretization error
e Manufacture solution
¢ Eliminate numerical-integration error by manufacturing Green’s function

e Mitigate contamination from discontinuity due to wire-surface interaction

Isolate numerical-integration error

e Manufacture solution

e Cancel solution-discretization error using basis functions
Avoid domain-discretization error

¢ Consider only planar surfaces

e Previously provided approaches to account for domain-discretization error
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¢ Governing Equations
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The Electric-Field Integral Equation
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— Discretization
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e Electromagnetic scatterer encloses a cavity

e Exterior is connected to interior by rectangularly prismatic slot with L > w, d (left)
e Slot is replaced with two thin wires at apertures that carry magnetic current (right)
e Exterior and interior surfaces interact with wires, not each other

e Wires interact with each other — magnetic current is equal and opposite

EFIE solved on each surface, slot equation solved for wires
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Equations
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The Electric-Field Integral Equation

In time-harmonic form, E® computed from J and M

Scattered electric field ES(x)

—<jw +VD(x) + %v X F<x)>

Magnetic vector potential =pu [ J)G(x,x")dS
Jsr
Electric scalar potential =L [ v. J(xG(x,x)dS’
ew Js
Electric vector potential F(x)=¢ [ M()G(x,x")dS’
Sl
efjk'R
Green’s function Gx,x')=—, R=|x—X|
4R

Singularity when R — 0

J and M are electric and magnetic surface current densities

S’ = S is surface of scatterer

1 and € are permeability and permittivity of surrounding medium
k = w,/ue is wavenumber
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The Electric-Field Integral Equation (continued)

Compute J and M from incident electric field EZ  (n x (E° +E%) = Z;n x J)

Discretize surface with triangles, approximate J with RWG basis functions:

ny
() = Y TiA ()
j=1
Project EFIE onto vector-valued RWG basis functions
Express M in terms of filament magnetic current I,

Discretize wire with bars, approximate I,,, with 1D basis functions:

nm

Ln(s) = > LiAT(s)
j=1
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The Slot Equation

The magnetic current along the slot is modeled using transmission line theory:

{JX +1<Yd2 —Y)I}—O
. n+ - | =
5 4 Ldsz C m

1,00)=1,L)=0
s is the direction of the wire
Effective wire radius a obtained from conformal mapping using w and d

Y7, and Yo are transmission line parameters (depend on w, d, and materials)

Project slot equation onto vector-valued 1D basis functions
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Discretized Problem

Find J;, € Vj, and I, € V7', such that
age(ImA; )+ agm(In, A, ) =bg(EX,A;)  fori=1,...,n, (EFIE)

ame(In, A7) + apmIn, A*) =0 fori=1,...,ny" (Slot)

Evaluate EFIE on exterior and interior surfaces: ng’(t + n})“t unknowns for Jy,

For thick slot, I&* = —I™%: n/™ unknowns for I,
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Matrix—Vector Form

In matrix—vector form, solve for T

ZJ" =V
Aext 0 Bext J pext V¢ ext
7Z=10 Aint  _Rgint 7 Jh' _ Jhmt , V= ngt ’
Coxt _Cint D Ih 0
Impedance matrix Current vector Excitation vector

where

Aj,?]' = age¢ (A]‘, A,) B;',j = (Ig_’(,‘\/( (A;-”, A7), (/‘7')]' = (l,(,‘\/(‘g(Aj. A;”), D7>.7 = 2(1,',\47(;\/1 (A;-”, A;”’),

Tp=Jis =L, Vi =be(BN A
h &
More compactly: 7 = {é g} , T = {‘ih} , V = {X }
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Outline

e Code-Verification Approaches
— Manufactured Solutions
— Solution-Discretization Error
— Numerical-Integration Error
Manufactured Green’s Function
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Code Verification

Manufactured Solutions for the EFIE

Continuous:  rg, (J ,I,) = age(J ,Ay) + ag (L, As) — bg(EI,Ai) =0
re,(Jn, 1) = age(Jn, Aq) + ag (1, Ay) — bg (BT, A;) =0
Method of manufactured solutions modifies discretized equations:
re(Jp, In) = re(Jus, Ins)

Jus and Iyg are manufactured solutions, re(Jyg, Ing) is computed exactly

New cage(In, M) tag m(Ln, Ay) = ag g(Tns, Ai) + ag m(Tus, Ai)

= bg (EI. A,,,): implement via EZ

B (x) = 2 /g [RPIs(x) G X) + V- T () VG(x,3)]dS + Zeduss (x)
1 ; 1 L 27
— 2 (n(x) % Is(x)) bor (%) + — / Tus(s) x | V'G(x,x')ddds’
4 4 Jo Jo

MMS incorporated through EZ — no additional source term required
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Manufactured Solutions for the Slot Equation

Continuous:  7aq,(J , L) = ame(T ,A") +apm (L, AY) =0
"M (Ui I ) = ame (T, A) + apm (I, A) =0
Method of manufactured solutions modifies discretized equations:
rpm(Jn, In) = ra(Jus, Lus)
New

am,e(Jn, A") + apm (I, AY) = ape(Tus, Af") + apg i (Tas, A7)

= 0: no source term needed

Given Jyg, solve for Iyig to avoid source term
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Code Verification
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Solution-Discretization Error

e Error due to basis-function approximations of solutions:

mm
ny ny

Jn(x E JiA( In(s Z IiAT (s

e Measured with discretization errors: ey = J h_J n, €= j - I

||eJH < CyhPI, ||e1H < Crht
Jin;: component of Jyg flowing from T;r to Tf
I, : component of Iyig flowing along s at s;
C' : function of solution derivatives

h : measure of mesh size
p : order of accuracy

e Compute p from |le|| across multiple meshes (expect p = 2 for these bases)

¢ Avoid numerical-integration error if integrating exactly
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Code Verification
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Solution-Discretization Error: Discontinuity

® Jglot introduces discontinuity due to wire interaction with surface
o Discontinuity impacts EZ for MMS

* Discontinuity will contaminate convergence studies: O(h?) — O(h)

¢ Discontinuity denoted by By in Z = A (B +By)
C D
1 .~
e Since By = fZCJ , use C to cancel contribution from By and modify EZ:
7 _ |A (Bi+By)
C D ’

j - 1 _ 1 L 2T
B = L [ [B3usG+ V' JusVGIaS' — { (ks + 4 [ Tusx [ V'Gdd'ds' + Z,dus
ew Jg . 4m Jo Jo

e Correctness of By is assessed by successful removal using C

e Correctness of C is assessed through the mesh-convergence study
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Code Verification
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Numerical-Integration Error

e Error due to quadrature integral evaluation ()¢ on both sides of equations

e Measure numerical-integration error:

ca=JH(2-2)T, ey =TH(VI-V),

where J = {‘in}

e Solution-discretization error is canceled

€a

< CyhPe and |ep| < CphP?

C": function of integrand derivatives
p: order of accuracy of quadrature rules

e With multiple meshes, compute p from |e|
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Manufactured Green’s Function

Integrals with G' cannot be computed analytically or, when R — 0, accurately

Inaccurately computing integrals on either side contaminates convergence studies

2\ 4
Manufacture Green’s function: Gyg(R) = G0<1 - gé) , R, = mang and ¢ € N

x,x/ €S

1.0
0.9

q=

q=2
0.8 .

0.7

—q=3
—q=1
0.6 — =5
05
0.4

0.3

Gus/Go

0.2
0.1

.0 01 02 03 04 05 06 07 08 09 10
R/R,,

Reasoning:
1) Even powers of R permit integrals to be computed analytically
2) Ghps increases when R decreases, as with actual G
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Outline

e Numerical Examples
Overview
— Solution-Discretization Error
— Numerical-Integration Error
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Numerical Examples
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Cubic Scatterer with a Triangularly Prismatic Cavity

« L =1m, L™ =213, L=L"/3, w=L"/50
. aiut _ LeX(‘/G, cint _ LQXL/G. 20 = Lexl,/2

o =p9, €=¢€, k=2rm™! o ofaluminum

@

e 3 depths: dy = L™'/10, dy = L*'/100, d3 = L°/1000 L

e 2 Green’s functions: G, Go
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Numerical Examples
[e] Jele]

Manufactured Solutions

M T T T TN

o Manufacture solutions for 2D strips of class C?
e Wrap strips around lateral surfaces of prisms
e Solutions are product of £ and 7 dependencies

& dependency: sinusoid with a single period

— 1 dependency: cubed sinusoid with a half period

29
g 9 4

e Current flows along &; at slot, Js’“ = Jgi“L
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tic Current
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~ <
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-1.2 —ds 3.0 — ds
14 35
~16 4.0
- —4.5 -
0.0 01 02 03 04 05 06 07 08 09 L0 00 01 02 03 04 05 06 07 08 09 L0
s/L s/L
L]

Instead of arbitrarily manufacturing Inig = 1,8, solve for it given Jyg:

—Je,(€) + 5 (YL d’i - Y<> Ln(s) =0

Solution is

In(s) =Cy (Osh< > + Cy smh( ) +C3 5111<77T<8;“Au)> +Cy Sin(i{%ﬁ(,};LAa))
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Numerical Examples
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Numerical Integration

e Surface integrals evaluated using 2D triangle quadrature rules

e Wire integrals evaluated using 1D bar quadrature rules

Maximum Number of Number of Convergence
integrand degree 2D points 1D points rate
1 1 1 O(h?)
2 3 O(h?)
3 4 2 O(hh)
i 6 — O(h)
5 7 3 O(hY)

1

|
|

[ ]
|

1
.
|

|

|

Il
-
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Numerical Examples
0000

Solution-Discretization Error: ¢ = |le]| _ (ey < er)

0.0 v v v - - v v — 3.0 - - - - - - . .
e=-ej 2% e=eg
-0.1 o 25
y
-0.2 e 2.0
-0.3 / -
3 - = 15 T
< 04 J = ~
E st 7 i
g RN S g 0.5 o~ T~ -~
~0.6 / — o(n?) ~ ~~
_o7| G d Gy, dy 0.0 f —— G, dy Gy, dy ==
—— Gy, dy G, dy —— G, dy Go. dy e
-0.8 y y —05 ¥ y T
—— Gy, ds G, dy —— G, dy Ga, dy ~
-0.9 — -1.0
13 14 15 16 17 18 19 20 21 22 13 14 15 16 L7 18 19 20 21 22
log o /1 log o /1
e Discontinuity present:
A B|[J \&
C D||I" 0
e ey and ey are interdependent (ey < er)
o Convergence rate for |lez||,, is negative — not exhibiting asymptotic convergence
.

Convergence rate for |ler|, is close to O(h?)
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Solution-Discretization Error: € =

25F — O(h) T —
50k = Grd G, dy
—— Gy, dy G, dy
15 y y
—— G, dy G, dy
1.0 —
13 14 15 16 17 18 19 20 21 22

1081 /77
Decouple discretization errors:

A B|[JM] _ [VE
C D||I"( Yo

ey and eg are independent (ey < ey)

Numerical Examples
(o] Jelele]

||e||OO (eg «» er)

5 ~- —
LX) QR
0.0} —— Gi. dy

—— G, dy

e Gy, dy

13 14 15 16 17 1.8 19 20 21 22

A 0of[J"
0 D||I"

V¢ - BI,
7CJn

Convergence rates for |leg||,, and |ler||,, are O(h) and O(h?) as expected

|les||,, is much larger than when ey < er
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9.0 - - , , , . . .
85 e o e=e
8.0 T T
7.5
~ 70
= 65
= T 65
e — 5 60
— o) e = 55
a0 = G G, dy N:
e Gy, iy G, dy 45
.
L5 o Gdy G, dy 10 ‘
1.0 - 3.5
13 14 15 16 17 18 19 20 21 22 13 14 15 16 17 18 19 20 21
log o /1 log o /1
Remove influence of ey on ey, preserve influence of ey on er:
A B [J" Ve A offJ" V¢ — BI,
C D| I 0 C DI 0

ej affects er (ey — er)
Convergence rates for |leg|,, and |ler||, are O(h) as expected

les||,, and |ler||,, are much larger than when ey < er
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Solution-Discretization Error: e

Numerical Examples
00080

= ||e||OO (ey < er)

-------- —r— <10
e 9% S ‘\\\&
=05 o ~~
25+ — O(h) " — om?) ~
90 = G G, dy 0.0} —— G, dy —
e Gy, iy G, dy e G, dy Y, dy ~~
1.5 —0.5 . T~
—— Gy, dy G, dy —— G, dy G, dy ~—
1.0 - -1.0
13 14 15 16 17 18 19 20 21 22 13 14 15 16 17 18 19 20 21 22
log o /1 log o /1
Remove influence of ey on ey, preserve influence of ey on ej:
A B| [ vé A B|[Jh Ve
C D| I 0 0 D||I" -CJ,

eg affects ey (ey < er)
Convergence rates for [leg||,, and |ler||,, are O(h) and O(h?) as expected

|les||,, is much larger than when ey < er

andia National Laboratories



Solution-Discretization Error: e

mples

Numerical E
0000e

/o)

log, o

= |le]|, (Discontinuity Removed)

1.0 — - 4.0 . - - - - , , ,
e=e 3.5 e=e
.
05 3.0
0.0 25
~ 20
~0.5 =
5 3 1.5
<
~1.0 FEE
) TO0SE omy) T
-1s 00F e Grody - Gondy e
20 05} e Gy, dy Gy, dy TR
“LO[ —— Gy, dy G, dy
-25 — -15
13 14 15 16 17 18 19 20 21 22 13 14 15 16 17 18 19 20 21 22

Discontinuity removed from Z using C, corresponding MMS source term omitted in V:

o o= {v) -l ™) - {3
c p|\1*( "o ( |c D "~ o

Convergence rates for [leg|, and |ler||,, are O(h?) as expected

Correct implementation of B; suggested by its removal using C

Correct implementation of C suggested by expected convergence rates
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Numerical-Integration Error: ¢ =

€0)
|

|

|

|
€0)

|
/

< 4 — = -4
-6 o 5 -6
2
-8 -8
2
—10 ~10 O(h?) ——1x1
12 — O 3x3 1 3x3 4x4
O —om) ——6x6 B —— 6 x6
~14 — ~14
13 14 15 16 17 18 19 20 21 22 13 14 15 16 17 18 19 20 21 22
log o /1 log o /1

2D points: [number for test integral] x [number for source integrall

1D points: 7’2{; = number of 1D points with same convergence rate as 2D points

Convergence rates are as expected for ng = ﬁf;

Convergence rates are limited to O(h?) for n(bI =1
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b b
0
ol
% T— g
-6 T &
£
-8
10 ——1x1
— o(nt) 3x3
~12 . o
— O(h®) ——6x6
—14

13 14 15 16 17 18 19 20 21

10g10 /T

o
o

Convergence rates are as expected for ng = ﬁf;

Convergence rates are limited to O(h?) for n(bI =1

4 T T T T T T T
ax n? —
) —_— maxn, =1
———
0 "
-2
-4
—6
-8
10 O(h?) ——1x1
12 3x3 4x4
B ——6x6
—14
13 14 15 16 17 1.8 19 20 21 22

2D points: [number for test integral] x [number for source integrall

log

810

Ty

1D points: 7’2{; = number of 1D points with same convergence rate as 2D points
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Numerical Examples
[e]e] Je]

Numerical-Integration Error: € = |ey| (G = Ga, d = dy)

Z 6 g 6
2 2
-8 -8
— 2
~10 ~10 om?) ——1
1o 1 — O(n*) 3 4
- - —— 6 7
—14 — —14
13 14 15 16 17 18 19 20 21 22 13 14 15 16 17 18 19 20 21 22
log o /1 log o /1
L]

2D points: number for test integral

1D points: 7’2{; = number of 1D points with same convergence rate as 2D points

Convergence rates are as expected for ng = ﬁf;

Convergence rates are limited to O(h?*) for n(bI =2
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Numerical Examples
[e]e]e] )

Numerical-Integration Error: € = |ey| (G = Ga, d = d3)

s -6 T ~—— 2 6
2 T 2
-8 - -8
~10 O(h2) ——1 o} om) =1
— O(h*) 3 4 — O(n*) 3 4
-12 ; A ~ -12
— O(h%) ——6 7 —— 6 7
-14 = -14
13 14 15 16 17 18 19 20 21 22 13 14 15 16 17 18 19 20 21 22
log o /1 log o /1
.

2D points: number for test integral

e 1D points: 7’2{; = number of 1D points with same convergence rate as 2D points
e Convergence rates are as expected for ng = flf;
L]

Convergence rates are limited to O(h?*) for n(bI =2
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Outline

e Summary
— Closing Remarks
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Summary
[ ]

Closing Remarks

3 error sources in electromagnetic integral equations:
* Domain-discretization error — avoided
Considered planar surfaces
¢ Solution-discretization error — isolated
Manufactured J, chose I,,, to avoid source term
— Manufactured Green’s function (to integrate exactly)
Removed discontinuity to measure convergence rates without contamination
— Demonstrated discontinuity implications by varying ey < er
¢ Numerical-integration error — isolated

— Canceled basis-function contribution

Detected coding error

Achieved expected orders of accuracy
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